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Wilson loops in large N gauge theory exhibit a weak to strong coupling transition as the loop is dilated. A multiplicative
matrix model captures the universal behavior associated with this transition. A universal scaling function is obtained
in a double scaling limit. Numerical studies show that both large N QCD in three dimensions and the SU(N) principal
chiral model in two dimensions are in the same universality class.
Large N gauge theories may provide a bridge between QCD and string theory. We hope that this would produce
a way to make a calculational connection between some weak and strong coupling phenomena of continuum QCD.
Recent progress [1, 2, 3] in this direction is the main subject of this talk.
We will consider large N gauge theories on a d = 2, 3, 4 dimensional continuum torus. It is sufficient for our
discussion to consider a symmetric torus of length l in all four directions. We will consider the ’t Hooft limit [4]
with a finite number of fundamental fermion flavors. There is no back reaction from the fermions on the gauge field
dynamics.
In all three dimensions, there is a critical size l1 such that continuum reduction [5] holds for l > l1 and there are no
finite volume effects. The critical size, l1, is equal to T
−1
c where Tc is the deconfining temperature. Two dimensions
is a special case since l1 = 0 and large N QCD is always in the confined phase and there is no dependence on the
temperature. Therefore, continuum Eguchi-Kawai reduction [6] holds in two dimensions [7]. We will focus on the
confined phase of large N QCD in this talk.
Let us first make a remark about the Gross-Witten transition [8] in two dimensional large N lattice gauge theory.
This transition has analogs in large N lattice gauge theories in three and four dimensions. The eigenvalue distribution
of the plaquette operator opens up a gap around −1 at the transition point enabling the presence of topologically
disconnected classes of gauge fields in the continuum limit [9]. These transitions do not have a continuum analog.
We will assume that we are on the physical side of this transition when discussing large N lattice gauge theories.
The stage is now set to discuss the transition from weak coupling to strong coupling in the confined phase of
large N QCD. We will use the Wilson loop operator, W , a unitary operator for SU(N) gauge theories, to probe the
transition. Large (area) Wilson loops are non-perturbative and correspond to strong coupling. Small (area) Wilson
loops are perturbative and correspond to weak coupling.
The probe is defined as
WN (z, b, L) = 〈det(z −W )〉 (1)
and is the characteristic polynomial associated with the operator. W is the Wilson loop operator, z is a complex
number, N is the number of colors, b = 1
g2N
is the lattice gauge coupling and L is the linear size of the square loop.
〈· · ·〉 is the average over all gauge fields with the standard gauge action.
The eigenvalues of W are gauge invariant and so is the characteristic polynomial. The eigenvalues lie on the unit
circle and all of them will be close to unity for small loops. The eigenvalues will spread uniformly over the unit circle
for large loops. The characteristic polynomial exhibits a transition at N = ∞ when L → Lc(b). This is a physical
transition since Lc(b) will scale properly with the coupling, b, as one approaches the continuum limit.
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The eigenvalue distribution of the Wilson loop operator in two dimensional QCD was shown to undergo the above
transition by Durhuus and Olesen [10] and further relevant discussions can be found in [11, 12]. The scaling function
in the double scaling limit was derived for two dimensional large N QCD in [2]. Two dimensional gauge theory
on an infinite lattice can be gauge fixed so that the only variables are the individual plaquettes and these will be
independently and identically distributed. The Wilson loop operator, W , can be written as W =
∏n
j=1 Uj where the
Uj ’s are the transporters around the individual plaquettes that make up the loop and n = L
2 is equal to the area
of the loop. The measure associated with any Uj can be set to P (Uj) = N e−N2 Tr H2j where Uj = eiǫHj and ǫ plays
the role of gauge coupling. The dimensionless area is given by t = ǫ2n which is kept fixed as one takes the limit
n→∞ and ǫ→ 0. This is the multiplicative matrix model of [13]. In the continuum limit, the parameters b and L
get replaced by one parameter, which is denoted by t in the model, and the characteristic polynomial becomes
WN (z, b, L)→ QN (z, t) =


√
Nτ
2π
∫∞
−∞ dνe
−N2 τν2
[
z − e−τν− τ2 ]N SU(N)√
Nt
2π
∫∞
−∞ dνe
−N2 tν2
[
z − e−tν− τ2 ]N U(N)
=


∑N
k=0
(
N
k
)
zN−k(−1)ke− τk(N−k)2N SU(N)
∑N
k=0
(
N
k
)
zN−k(−1)ke− tk(N+1−k)2N U(N)
; τ = t
(
1 +
1
N
)
(2)
(3)
A rearrangement of QN (z, t) for SU(N),
ZN (z, t) = QN (z, t)(−1)Ne
(N−1)τ
8 (−z)−N2 =
∑
σ1,σ2,...σN=± 12
e
ln(−z)
∑
i
σie
τ
N
∑
i>j
σiσj
, (4)
puts it in the form of the partition function for a spin model with a ferromagnetic interaction for positive τ with
ln(−z) as a complex external magnetic field. Therefore, the conditions for Lee-Yang theorem [14] are fulfilled and
all roots of QN (z, t) lie on the unit circle for SU(N).
The transition from weak coupling to strong coupling can be intuitively seen using the characteristic polynomial,
QN (z, t). In the weak coupling (small area) limit we have t = 0 and QN (z, t) = (z − 1)N . Therefore, all roots are
at z = 1 on the unit circle. In the strong coupling (large area) limit we have t = ∞ and QN (z, t) = zN + (−1)N .
Therefore, all roots are uniformly distributed on the unit circle.
QN (z, t) is analytic in z for all t at finite N . But, this is not the case as N → ∞ and leads to a transition from
weak to strong coupling in the N →∞ limit.
There is a critical area, t = 4, such that the distribution of zeros of Q∞(z, t) on the unit circle has a gap around
z = −1 for t < 4 and has no gap for t > 4 [10, 13]. To see this, we note that the integral representation (2) is
dominated by the saddle point, ν = λ(t, z), given by
λ = λ(t, z) =
1
zet(λ+
1
2 ) − 1 (5)
With z = eiθ and w = 2λ+ 1, ρ(θ) = − 14πRe w gives the distribution of the eigenvalues of W on the unit circle.
The saddle point equation at z = −1 is
w = tanh
t
4
w (6)
showing that w admits non-zero real solutions for t > 4.
As N →∞, one can define a scaling region around t = 4 and z = −1 by
t =
4
1 + α√
3N
; z = −e( 43N )
3
4 ξ (7)
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α and ξ are the scaling variables that blow up the region near t = 4 and z = −1. We can show that
lim
N→∞
(
4N
3
) 1
4
(−1)Ne (N−1)τ8 (−z)−N2 QN (z, t) =
∫ ∞
−∞
due−u
4−αu2+ξu ≡ ζ(ξ, α) (8)
which is the scaling function in the double scaling limit associated with the characteristic polynomial.
This scaling behavior is expected to be universal and was numerically tested using the lattice formulation in
three dimensional large N QCD [2] and in the two dimensional SU(N) principal chiral model [3]. The precise
statement of the continuum large N universality hypothesis is as follows. Let C be a closed non-intersecting loop:
xµ(s), s ∈ [0, 1]. Let C(m) be a whole family of loops obtained by dilation: xµ(s,m) = 1mxµ(s),with m > 0. Let
W (m, C(∗)) = W (C(m)) be the family of operators associated with the family of loops denoted by C(∗) where m
labels one member in the family. Define
ON (y,m, C(∗)) = 〈det(e
y
2 + e−
y
2W (m, C(∗))〉 (9)
Then our hypothesis is
lim
N→∞
N (N, b, C(∗))ON
(
y =
(
4
3N3
) 1
4 ξ
a1(C(∗)) ,m = mc
[
1 +
α√
3Na2(C(∗))
])
= ζ(ξ, α) (10)
Even though the hypothesis has not been explicitly tested in four dimensional large N QCD, there is enough
numerical evidence in suppport of the hypothesis [1]. Assuming the universal behavior, one can address the question
of matching the universal data in the transition region to the perturbative side.
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